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Abstract
Various types of Lagrange and Finsler geometries, Einstein grav-
ity, and modifications, can be modelled by nonholonomic distributions
on tangent bundles/ manifolds when the fundamental geometric ob-
jects are adapted to nonlinear connection structures. We can con-
vert such geometries and physical theories into almost Kähler/ Poisson
structures on (co)tangent bundles. This allows us to apply deforma-
tion quantization formalism to almost symplectic connections induced
by Lagrange–Finsler and/or Einstein fundamental geometric objects.
There are constructed respective nonholonomic versions of the trace
density maps for the zeroth Hochschild homology of deformation quan-
tization of distinguished algebras (in this work, adapted to nonlinear
connection structure). Our main result consists in an algebraic index
theorem for Lagrange–Finsler and Einstein spaces. Finally, we show
how the Einstein field equations for gravity theories and geometric
mechanics models can be imbedded into the formalism of deformation
quantization and index theorem.
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1 Introduction
The goal of this paper is to prove an algebraic index theorem for gener-
alized Finsler and/or Einstein spaces and show how corresponding gravita-
tional field equations, and their solutions, can be encoded into a nonholo-
nomic version of Fedosov manifolds for deformation quantization. It is a
partner work of [30, 5] and belongs to a series of our articles on geometric
methods in deformation, A–brane, bi–connection etc quantization models
of gravity and gauge theories and geometric mechanics [28, 29, 32, 33, 13].
The main motivations for this kind of investigations come from classical and
quantum nonlinear fundamental physical equations encoded as geometric
structures on nonholonomic manifolds [1], and there is an important phys-
ical task to quantize such generic nonlinear theories. Similar constructions
arise also as mathematical problems for developing quantum/ noncommu-
tative versions of Riemann–Finsler and Hamilton–Lagrange spaces and in
relation to possible applications of geometric methods in modern particle
physics.
The concept of nonholonomic manifold came from geometric mechan-
ics and classical and quantum theories with non–integrable (equivalently,
nonholonomic, or anholonomic) constraints [2]. In our works, we follow
certain methods and formalism developed in the geometry of classical and
quantum nonholonomic manifolds, Lagrange – Finsler/ Hamilton – Cartan
geometries and applications [38, 39, 40], see comprehensive reviews and ref-
erences in [7, 31]. It allows us to elaborate an unified geometric approach
for the above mentioned types of classical and quantum models, working, for
simplicity, with nonholonomic distributions defining nonlinear connection
(N–connection) structures via non–integrable splitting into Whitney sums of
corresponding tangent spaces (see next section for a summary of necessary
definitions and results).
It is well–known that the algebra of pseudo–differential operators on a
compact manifold M can be viewed as a quantum model (i.e. quantiza-
tion) of the cotangent bundle T ∗M. In this framework, the Atiyah–Singer
index theorem [6] relates the index of an elliptic pseudo–differential opera-
tor on M to the Todd class of M, when the Chern character of the bundle
is associated naturally with the symbol of the pseudo–differential operator
under consideration. B. Fedosov developed a deformation quantization (via
formal power series with complex coefficients) of an arbitrary symplectic
manifold M [14, 15]. A natural analogue of index theorem was proposed
in K–theory working with the quantum algebra of functions on symplectic
manifolds. Here we note that quantum deformations use the correspondence
between physical structures and deformations of algebraic noncommutative
structures.
However, the bulk of physical theories usually are not encoded in terms
of the geometry of "pure" symplectic manifolds or further developments as
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Poisson manifolds and their deformation quantization [23, 24]. A quite uni-
versal geometric scheme including (semi) Riemannian [3] and Finsler spaces,
Lagrange and Hamilton mechanics and generalized nonholonomic Einstein
spaces can be elaborated in the framework of the geometry of almost Käh-
ler manifolds [30, 31, 32] with associated canonical N–connection structure.
This scheme can be generalized for additional geometric/physical structures
which implies new important results in geometric and/or deformation quan-
tization. For instance, we cite some applications of Fedosov’s quantization in
modern particle physics (see, for instance, [11, 18]) and for almost symplectic
geometry, in general, with nontrivial torsion, see [21, 20, 19].
In order to elaborate explicit models of deformation quantization for
generally constrained physical systems, the most important task was to
prove that the fundamental geometric objects defining such almost sym-
plectic spaces are determined naturally, and in a unique form, by generating
(fundamental) Finsler/Lagrange functions, generic off–diagonal metrics( in
particular, being solutions of the Einstein equations and/or generalizations).
Such a project was derived from Fedosov works [14, 15] and Karabegov–
Schlichenmaier developments [21] for deformation quantization of almost
Kähler geometries and realized in a series of our works [28, 29, 30, 5].
Generalizations of the famous Atiyah–Singer index theorem for non-
holonomic Clifford bundles, in particular, generated for Lagrange–Finsler
spaces, and gerbes were studied in Refs. [36]. Nevertheless, those ver-
sions do not provide straightforward relations to almost Kähler models of
Finsler/–Lagrange and/or Cartan/–Hamilton geometries, Einstein manifolds
and their deformation quantization. In this article, we provide a local version
and a simple proof of the algebraic index theorem for the mentioned types
of nonholonomic almost symplectic manifolds. We follow the scheme using
an explicit formula for the trace density map from the quantum algebra of
functions on an arbitrary symplectic manifold M to the top degree coho-
mology of M [16]. In our case, that formalism is adapted to N–connection
structures. More precisely, our constructions are built from fundamental
geometric objects derived from canonical almost symplectic forms and non-
linear and linear connections for almost Kähler–Finsler manifolds (and var-
ious modifications for Lagrange–Hamilton geometric mechanics and/or the
Einstein gravity theory).
Throughout the paper we assume the summation over repeated right
indices and use left indices as abstract labels for certain geometric objects;
boldface symbols being considered for spaces/objects which are enabled/ad-
apted to nonlinear connection structures (such a system of notations was
elaborated in Ref. [31]).
The paper is organized as follows. In section 2, we summarize the nec-
essary results on almost Kähler geometric models of Lagrange–Finsler and
Einstein spaces. Section 3 is devoted to Fedosov quantization of Einstein–
Finsler spaces and the formalism of trace density maps adapted to nonlinear
3
connection structure. We prove the Main Result (a local Atiyah–Singer index
theorem for Lagrange–Finsler and Einstein Spaces) in section 4. The prob-
lem of algebraic index encoding of Einstein equations and exact solutions in
gravity theories is also discussed.
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2 Almost Kähler Models of Lagrange–Finsler &
Einstein Spaces
In this section, we recall some necessary results on encoding data for
nonholonomic manifolds/bundles as almost Kähler spaces with fundamental
geometric objects adapted to nonlinear connection (N–connection) structure.
2.1 Nonholonomic distributions with associated N–connecti-
on
Let us consider a (n +m)–dimensional nonholonomic manifold (see def-
inition in note [?]) V, dimV ≥2 + 1, of necessary smooth class. Such a
space is enabled with a conventional n+m splitting when local coordinates
u = (x, y) on an open region U ⊂ V are labeled in the form uα = (xi, ya),
α = (i, a),where indices i, j, k, ... = 1, 2, ..., n and a, b, c... = n+ 1, ..., n +m.
There are changes of coordinates (xi, ya) → (x˜i, y˜a) when x˜i are functions
only of xi. It results that ∂∂ya =
∂y˜b
∂ya
∂
∂ya and so
∂
∂ya locally span an inte-
grable distribution on V. We may fix a supplement of it locally spanned by
ei = δi =
∂
∂xi
−Nai (u)
∂
∂ya . This is an example of non–integrable distribution
N transforming V into a nonholonomic manifold. If the functions Nai (u)
are chosen in such a way that δj =
∂x˜i
∂xj
δi, one says that N ={N
a
i (u)} defines
a nonlinear connection structure. In particular, V can be the total space
of submersion over a n–dimensional manifold M. If V = TM, where TM
is the total space of a tangent bundle to a n–dimensional manifold M, the
N–connection structure can be considered any one introduced for a (pseudo)
Finsler, or Lagrange, geometry modeled on such a tangent bundle [31]. For
vTM being the vertical distributions on TM, we introduce:
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Definition 2.1 Any Whitney sum
TTM = hTM ⊕ vTM (1)
defines a nonlinear connection (N–connection) structure parametrized by lo-
cal vector fields ei =
∂
∂xi
−Nai (x, y)
∂
∂ya on TM.
A N–connection states on TM a conventional horizontal (h) and vertical
(v) splitting (decomposition). If a h–v splitting, TV = hV⊕vV, exists on a
general nonholonomic manifold V, we call such a space N–anholonomic. For
gravity theories, we shall consider V to be a (pseudo) Riemannian spacetime.
Let L(x, y) be a regular differentiable Lagrangian on U ⊂ TM (for analo-
gous models U ⊂ V) with non-degenerate Hessian (equivalently, fundamen-
tal tensor field)
gab(x, y) =
∂2L
∂ya∂yb
. (2)
Definition 2.2 ([22, 31]) A Lagrange space Ln = (M,L(x, y)) is defined
by a function TM ∋ (x, y) → L(x, y) ∈ R, i.e. a fundamental Lagrange
function, which is differentiable on T˜M := TM\{0}, where {0} is the set
of null sections, and continuous on the null section of π : TM → M and
such that the (Hessian) tensor field gab(x, y), (2), is non-degenerate and of
constant signature on T˜M.
A (pseudo) Lagrange space can be effectively modelled on a nonholonomic
(pseudo) Riemann manifold of even dimension V = (V2n,g),dimV2n =
2n, n ≥ 2, prescribing a generating function L(x, y), with u = (x, y) ∈ V2n,
satisfying the conditions of Definition 2.2. We shall use two symbols L and L
in order to distinguish what type of geometric mechanical model (a classical
one, from Lagrange geometry, or an analogous, pseudo–Lagrange one, on a
pseudo–Riemannian manifold) we involve in our constructions.
Let us consider a regular curve u(τ) with real parameter τ, when u : τ ∈
[0, 1] → xi(τ) ⊂ U. It can be lifted to π−1(U) ⊂ T˜M as u˜(τ) : τ ∈ [0, 1] →(
xi(τ), yi(τ) = dx
i
dτ
)
since the vector field dx
i
dτ does not vanish on T˜M. For a
different calculus [31], we prove:
Theorem 2.1 The Euler–Lagrange equations, ddτ
∂L
∂yi
− ∂L
∂xi
= 0, are equiva-
lent to the nonlinear geodesic (semi–spray) equations
d2xi
dτ2
+ 2Gi(x, y) = 0, (3)
where Gi = 12g
ij
(
∂2L
∂yj∂xk
yk − ∂L
∂xj
)
, for gij being the inverse to gij (2).
5
The conditions, and proof, of this theorem can be redefined on arbitrary(
V2n,g
)
endowed with a nonholonomic distribution induced by any pre-
scribed L subjected to conditions similar to those for a regular Lagrangian
in mechanics.
Proposition 2.1 There are canonical frame and co–frame structures, eα
and eα, respectively defined by the canonical N–connection
cNai :=
∂Ga
∂yi
, (4)
when [4]
eα = (ei =
∂
∂xi
−Nai
∂
∂ya
, eb =
∂
∂yb
), (5)
eα = (ei = dxi, eb = dyb +N bi dx
i), (6)
for eα⌋e
β = δβα, where by ⌋ we note the interior products and δ
β
α being the
Kronecker delta symbol. Such N–elongated partial derivative/ differential
operators can be defined for any sets Nai which are not obligatory represented
in a canonical form cNai ).
Proof. The results can be proven on any N–anholnomic manifold V
by explicit constructions using formula (4) with Ga determined in (3); it
is imposed the condition that such (co) frames should depend linearly on
coefficients of respective N–connections. 
Definition 2.3 The N–lift of the fundamental tensor fields gab (2) on TM
(in general, from any hV to V) is a Sasaki type metric (distinguished metric,
d–metric)
g = gαβ e
α ⊗ eβ = gij(x, y)e
i ⊗ ej + gab(x, y)e
a ⊗ eb, (7)
where gij is stated by gab following gij = gn+i n+j.
Canonical N–connection and d–metric structures can be constructed on
any (pseudo) Riemannian manifold of even dimension, V =
(
V2n,g
)
,dim
V2n = 2n, n ≥ 2, with given metric structure g = gαβ ∂
α⊗∂β if a generating
Lagrange function L(x, y) is correspondingly prescribed on V2n. Any metric
g can be represented in a Lagrange–Sasaki form (7) via frame transforms
eα = e
α
α ∂α and e
α = eαα∂
α; gαβ = e
α
α e
β
β gαβ, (8)
where matrices e
α
α and eαα can be chosen to be mutually inverse. The ex-
plicit formulas depend on the type of nonholonomic structure we prescribe
by L(x, y) (via induced N–connection (4) and N–adapted frames (5) and
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(6)). For instance, if gαβ is given as a solution of the Einstein equations
in four dimensional (4–d) general relativity and gαβ is determined by a cho-
sen L, we can always define certain e αα encoding the gravitational data into
analogous mechanical ones, and/or inversely. In 4–d gravity, there are six
independent components of gαβ (from ten ones for a symmetric second rank
tensor, we can always fix four ones by corresponding coordinate transforms).
The values e
α
α can be defined as some solutions of algebraic equations (8)
for given coefficients of metrics. Such constructions allow us always to intro-
duce (pseudo) Lagrange variables on a (pseudo) Riemannian manifold and,
inversely, any regular Lagrange mechanics can be geometrized as a Rieman-
nian space enabled with additional nonholonomic structure determined by
L(x, y).
We have the following:
Proposition 2.2 A canonical N–connection N (4) defines a canonical al-
most complex structure J.
Proof. The linear operator J acting on eα = (ei, eb) (5) is defined by
J(ei) = −en+i and J(en+i) = ei.
This is a global almost complex structure (J ◦ J = −I for I being the
unity matrix) on TM completely determined by L(x, y). 
Definition 2.4 The Neijenhuis tensor field for an almost complex structure
J determined by a N–connection (i.e. the curvature of N–connection) is
JΩ(X,Y) : = −[X,Y] + [JX,JY]− J[JX,Y]− J[X,JY],
for any vectors X and Y.
The N–adapted (co) bases (5) and (6) are nonholonomic when [eα, eβ] =
eαeβ − eβeα = W
γ
αβeγ . The nontrivial (antisymmetric) anholonomy coeffi-
cients are W bia = ∂aN
b
i and W
a
ji = Ω
a
ij, with the coefficients of N–connection
curvature computed Ωaij =
∂Nai
∂xj
−
∂Naj
∂xi
+N bi
∂Naj
∂pb
−N bj
∂Nai
∂pb
.
We can introduce on a (pseudo) Riemannian manifold an analogous
(pseudo) Finsler structure defined for any L = F2(x, y), where an effective
Finsler metric F is a differentiable function of class C∞ in any point (x, y)
with y 6= 0 and is continuous in any point (x, 0); F(x, y) > 0 if y 6= 0; it satis-
fies the homogeneity condition F(x, βy) = |β|F(x, y) for any nonzero β ∈ R
and the Hessian (2) computed for L = F2 is positive definite. A nonholo-
nomic manifold can be alternatively modelled equivalently as an analogous
Finsler space. On convenience, in this work, we shall consider both types of
alternative modelling of gravity theories (with nonhomogeneous configura-
tions, i.e. Lagrange type, and homogeneous ones, i.e. Finsler type).
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2.2 N–adapted almost Kähler structures
An almost Kähler geometry can be also adapted to (induced by) canonical
N–connections.
Definition 2.5 An almost symplectic structure on V is defined by a nonde-
generate 2–form θ = 12θαβ(u)e
α ∧ eβ.
An almost Hermitian model of a nonholonomic (pseudo) Riemannian
space V2n,dimV2n = 2n, n ≥ 1, equipped with an N–connection structure
N is defined by a triple H2n = (V2n, θ,J), where θ(X,Y) + g (JX,Y) . In
addition, we have that a space H2n is almost Kähler, denoted K2n, if and
only if dθ = 0. In this paper, we consider that a real manifold is almost
Kähler if it is endowed with a closed almost symplectic 2–form θ.
We recall that for pseudo–Lagrange/ Finsler modelling of Einstein gravity
[29, 30, 31] (see also discussion and references therein; for Finsler spaces, the
original result is due to [25]):
Theorem 2.2 Having chosen a generating function L(x, y) (or F(x, y)) on
a (pseudo) Riemannian manifold V2n, we can model this space as an almost
Kähler geometry, i.e. LH2n = LK2n, where the left labels emphasize that
such structures are induced nonholonomically by L (or F).
Let us consider a metric g (7) and some structures N and J canonically
defined by a prescribed L. We define θ(X,Y) + g (JX,Y) for any vectors
X and Y and compute locally
θ =
1
2
θαβ(u)e
α ∧ eβ =
1
2
θαβ(u)du
α ∧ duβ (9)
= gij(x, y)e
n+i ∧ dxj = gij(x, y)(dy
n+i +Nn+ik dx
k) ∧ dxj .
Introducing the the form ω = 12
∂L
∂yn+i
dxi, we get θ = dω, i.e. dθ = ddω = 0.
We conclude that using a generating function L (or F), via canonical g,N
and J, a (pseudo) Riemannian/Finsler/Lagrange space can be represented
equivalently as an almost Kähler geometry.
Definition 2.6 A linear connection on V2n is a distinguished connection
(d–connection) D = (hD; vD) = {Γαβγ = (L
i
jk,
vLabk;C
i
jc,
vCabc)}, with lo-
cal coefficients computed with respect to (5) and (6), which preserves the
distribution (1) under parallel transports.
A d–connection D is metric compatible with a d–metric g if DXg = 0
for any d–vector field X.
Definition 2.7 An almost symplectic d–connection θD on V
2n (equiva-
lently, we can say that a d–connection is compatible with an almost symplectic
structure θ) is defined such that θD is N–adapted, i.e., it is a d–connection,
and θDXθ = 0, for any d–vector X.
8
For N–anholonomic manifolds of even dimension, we have the following:
Theorem 2.3 There is a unique normal d–connection
D̂ =
{
hD̂ = (D̂k,
v D̂k = D̂k); vD̂ = (D̂c,
vD̂c = D̂c)
}
= {Γ̂αβγ = (L̂
i
jk,
vL̂n+in+j n+k = L̂
i
jk; Ĉ
i
jc =
vĈn+in+j c,
vĈabc = Ĉ
a
bc)},
which is metric compatible, D̂kgij = 0 and D̂cgij = 0, and completely defined
by g and a prescribed L(x, y).
Proof. Choosing
L̂ijk =
1
2
gih (ekgjh + ejghk − ehgjk) , Ĉ
i
jk =
1
2
gih
(
∂gjh
∂yk
+
∂ghk
∂yj
−
∂gjk
∂yh
)
,
(10)
we construct such a d–connection D̂α = (D̂k, D̂c), with N–adapted coeffi-
cients Γ̂αβγ = (L̂
i
jk,
vĈabc). 
We provide the N–adapted formulas for torsion and curvature of the
normal d–connection in Appendix A.
For the purposes of this work, this property of the normal d–connection
is very important (it follows from a straightforward verification):
Theorem 2.4 The normal d–connection D̂ defines a unique almost sym-
plectic d–connection, D̂ ≡ θD̂, which is N–adapted, i.e. it preserves under
parallelism the splitting (1), θD̂Xθ=0 and T̂
i
jk = T̂
a
bc = 0, see (A.5).
We note that the normal d–connection Γ̂αβγ is a N–anholonomic analog
of the affine connection KΓαβγ and Nijenhuis tensor
KΩαβγ with the torsion
satisfying the condition KTαβγ = (1/4)
KΩαβγ considered in Ref. [21] (those
constructions were not for spaces enabled with N–connection structure). On
N–anholonomic manifolds, we can work equivalently with both types of linear
connections.
3 Nonholonomic Fedosov Quantization
We modify the Fedosov method in a form which allows us to quantize
the Lagrange–Finsler and Einstein spaces and related generalizations for
Einstein–Finsler quantum gravity models. Nonholonomic Chern–Weil ho-
momorphisms are defined. Our former results on nonholonomic deformation
quantization from [28, 29, 30] are revised with the aim to elaborate in the
next section a N–adapted trace density map formalism (originally considered
in [16, 12]) and prove the local index theorem for N–anholonomic manifolds.
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3.1 Nonholonomic Chern–Weil homomorphisms
Let us consider a complex vector space V2n,dim V2n = 2n, endowed
with a symplectic form bαβ = −bβα; coefficients are defined with respect to
a local coordinate basis eα = ∂α = ∂/∂u
α, for α, β, ... = 1, 2, ..., 2n.
We call dV = (hV, vV) = V2n to be a distinguished vector (d–vector)
space if it is enabled with a conventional h– and v–splitting of type (1)
into two symplectic subspaces with bαβ = (bij = −bji, bac = −bca) and
zα = (zi, za). On N–anholonomic manifolds, there are considered (distin-
guished) d-vector, d-tensor, d-connection, d-spinor, d-group, d-algebra etc
fields which can be adapted to N–connection structure into certain ”irre-
ducible” h-v–components.
Deformation quantization is elaborated for formal extensions on a ”small”
parameter v. In various papers, authors prefer to write v = ~ considering
certain analogy with the Plank constant. We associate to a symplectic d–
vector space dV :
Definition 3.1 The Weyl d–algebra dW = (hW, vW) over the field C((v))
is the d–vector space C[[ dV]](v) of the formally completed symmetric d–
algebra of dV endowed with associative multiplication (Wick product)
1q ◦ 2q (z, v) := exp
(
i
v
4
bαβ(
δ2
∂zα∂ 1zβ
+
δ2
∂ 1zβ∂zα
)
)
×
1q(z, v) 2q( 1z, v) |z= 1z (11)
= exp
(
i
v
4
bij (
δ2
∂zi∂ 1zj
+
δ2
∂ 1zj∂zi
) + i
v
2
(bac
δ2
∂za∂ 1zc
)
)
× 1q(z, v) 2q( 1z, v) |z= 1z,
for any 1q, 2q ∈ dW.
In h–v–components the product (11), we use N–elongated derivatives
δ/∂zα and δ/∂ 1zα of type (5) considering that, in general, we work with
nonolonomic distributions on vector spaces, algebras and manifolds/ bun-
dles. All constructions can be redefined for usual partial derivatives with
respect to local coordinate frames. There are natural h– and v–filtrations,
correspondingly, of hW and vW constructed with respect to the degrees of
monomials 2[v] + [zi] and 2v + [za]. These filtrations define corresponding
”N–adapted” (2[v]+[zi])–adic and (2[v]+[za])–adic topologies parametrized
in the form
... ⊂ hW1 ⊂ hW0 ⊂ hW−1... ⊂ hW, (12)
for hW
hs = {
∑
2k+p≥ hs
vk kaii....ip(u
α)zi1 ...zip};
... ⊂ vW1 ⊂ vW0 ⊂ vW−1... ⊂ vW,
for vW
vs = {
∑
2k+p≥ vs
vk kabi....bp(u
α)zb1 ...zbp},
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for i1, i2, ...ip = 1, 2, ..., n and b1, b2, ..., bp = n+ 1, ...n + n.
For Weyl d–algebras, we have to adapt to N–connections the explicit
constructions with the (n+n)-th Hochschild cocycle Cn+n( dW, dW∗) with
coefficients in the dual d–module of dW∗ = (hW∗, vW∗). Let us consider
a (n + n)-th simplex (with standard orientation) △2n = {(p1, ..., p2n) ∈
R2n; p1 ≤ ... ≤ p2n ≤ 1} and denote the natural projection from dW⊗(n+n+1)
onto C((v)) by µ2n(q0⊗...⊗q2n) = q0(0)...q2n(0). Using any elements q0, qα ∈
dW and ϕ ∈ dW⊗(n+n+1), for p0 = 0, we provide a N–adapted generalization
of the formula for 2n–th Hochschild cocycle [16],
Cn+n( dW, dW∗) ∋ τn+n(ϕ)(q0) (13)
= µ2n
 ∫
△2n
∏
0≤β≤γ≤2n
ev(pβ−pγ+1/2)bβγπn+n(q0 ⊗ ϕ)δp1 ∧ ... ∧ δp2n
 ,
where πn+n(ϕ)(q0⊗...⊗q2n) = ε
α1...α2nq0⊗
δq1
∂zα1⊗...⊗
δq2n
∂zα2n acts on respective
tensor products of nonholonomic bases of type (5) and εα1...α2n is absolutely
antisymmetric. In the formula (13), the action of antisymmetric form b on
the α–th and β–th components of dW⊗(n+n+1) and qγ ∈
dW is denoted by
bαβ(q0 ⊗ ...⊗ q2n) = b
αγαν (q0 ⊗ ...⊗
δqγ
∂zαγ
⊗ ...⊗
δqν
∂zαν
⊗ ...⊗ q2n).
Let us consider an associative algebra A with unit over a field K with
caracteristic zero and denote, for instance, by glk(
dW) the Lie algebra of
k × k matrices with values in quadratic monomials in dW. Also, we shall
use matrix algebras of type glk(A) and dual ones, with values in the dual
module A ∗. Denoting by C•(A,A∗) the Hochschild cochain complex with
coefficients in the dual module A ∗ (for A → glk(A), the similar complex is
written C•(glk(A), glk(A)
∗)), we can construct a chain map
kφ : C•(A,A∗)→ C•(glk(A), glk(A)
∗)
following the formula
kφ(ψ)(A1 ⊗ a1, ..., Ar ⊗ ar)(A0 ⊗ a0) (14)
=
1
r!
∑
s∈Sr
(−1)sψ(as(1) ⊗ ...⊗ as(r))(a0) tr(A0As(1)...As(r)),
where Sr denotes the group of permutations of r elements, matrices As ∈
glk(K), as ∈ A, and ψ ∈ C
r(A,A∗). The action of map on cocycle (13) result
in the 2n–th cocycle in the chain complex C•(glk(
dW), glk(
dW)∗),
kΘn+n =
kφ(τn+n) : ∧
2n
(
glk(
dW)
)
⊗ glk(
dW)→ C((v)). (15)
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The cocycle (15) presents a N–adapted generalization of the results from [16,
12] for symplectic manifolds. In our case, we construct a trace density map
for a quantum d–algebra of functions on almost Kähler manifolds induced
by nonholonomic distributions on Lagrange and Einstein–Finsler spaces.
The Chern–Weil homomorphisms are defined for projections of Lie alge-
bras to their subalgebras. N–adapted geometric constructions on nonholo-
nomic manifolds are with associated Lie groups/algebras and related geo-
metric maps are distinguished by the –connection structure. We call a Lie
distinguished algebra (d–algebra) dg = hg⊕ vg = ( hg, vg) a couple of con-
ventional horizontal and vertical Lie algebras associated to a N–connection
splitting TV = hV ⊕ vV (see also (1)). A Lie d–algebra dg may have a d–
subalgebra dρ ⊂ dg, when dρ = ( hρ ⊂ hg, vρ ⊂ vg). Let us suppose there
is an hρ–equivariant N–adapted projection Npr : ( hg → hρ, vg → vρ)
satisfying the properties that the h– and v–components of maps commute
respectively with adjoint actions of hρ and vρ and Npr | dρ= Id dρ. We
can characterize Npr by its curvature
dC( 1ζ, 2ζ) :=
[
pr( 1ζ), pr( 2ζ)
]
−pr
(
[ 1ζ, 2ζ]
)
∈ Hom
(
∧2 dg, dρ
)
, (16)
for 1ζ = ( 1hζ,
1
vζ) and
2ζ = ( 2hζ,
2
vζ) which in N–adapted form splits into
h–, v–components of curvature,
hC( 1hζ,
2
hζ) :=
[
pr( 1hζ), pr(
2
hζ)
]
− pr
(
[ 1hζ,
2
hζ]
)
∈ Hom
(
∧2 hg, hρ
)
,
vC( 1vζ,
2
vζ) :=
[
pr( 1vζ), pr(
2
vζ)
]
− pr
(
[ 1vζ,
2
vζ]
)
∈ Hom
(
∧2 vg, vρ
)
.
For any given adjoint invariant d–form
dA =
(
hA ∈ ((Sr hρ)∗)
hρ, vA ∈ ((Sr vρ)∗)
vρ
)
,
the formulas
hχ( hA)( 1hζs,
2
hζs, ...,
2r
h ζs) = (17)
1
(2r)!
∑
s∈S2r
(−1)s hA
(
hC( 1hζs,
2
hζs), ...,
hC( 2r−1h ζs,
2r
h ζs)
)
,
vχ( vA)( 1vζs,
2
vζs, ...,
2r
v ζs) =
1
(2r)!
∑
s∈S2r
(−1)s vA
(
vC( 1vζs,
2
vζs), ...,
vC( 2r−1v ζs,
2r
v ζs)
)
define a relative Lie d–algebra cocycle dχ( dA) = hχ( hA) + vχ( vA) ∈
C2r( dg, vρ). We say that such maps determine a Chern–Weil N–adapted
homomorphism inducing also a map from the d–vector space
(
(Sr dρ)∗
) dρ
to H2r( dg, dρ). Such constructions do not depend on the type of Npr and/or
N–connection splitting.
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Taking dg = glk(
dW) = glk( hW) ⊕ glk( vW),
dρ = glk ⊕ spn+n,
when the Lie d–algebra spn+n is realized as a subalgebra of scalar matrices
in glk(
dW) with values in quadratic monomials in dW, we can define the
projection Npr : dg→ dρ following the formulas
Npr(ζ) = N0 pr(ζ) +
N
2 pr(ζ), (18)
N
0 pr(ζ) = ζ|z=0,
N
2 pr(ζ) =
1
k
σ2(tr(ζ))Ik,
where Ik is the k × k identity matrix and σ2 is the projection onto the
monomials of second degree in z–variables.
An explicit computation (the original constructions are due to the Feigin–
Felder–Shoikhet theorem [16]) allows us to evaluate the N–adapted action of
(15) on the identity matrix Ik ∈
dg. This provides the proof for
Theorem 3.1 There is a relative, with respect to distinguished subalgebra
dρ = glk⊕spn+n, Lie d–algebra cocycle
kΘn+n ∈ C
n+n( dg, dg∗) parametrized
by N–adapted maps Nϕ determined by (15), when
Cn+n( dg, dρ) ∋ Nϕ = kΘn+n(·, . . . , ·, Ik) : ∧
2n( dg)→ C((v)).
The cohomology class of such nonholonomic maps[
Nϕ
]
=
[
dχ( dAr) =
hχ( hAr) +
vχ( vAr)
]
coincides with the image of the r–th component dAr ∈
(
(Sr dρ)∗
) dρ
of
the adjoint invariant d–form dA ∈
(
(S dρ)∗
) dρ
, when under nonholonomic
Chern–Weil homomorphism (17)
dA (X, . . . ,X) = det
( 1X/2v
sinh( 1X/2v)
)1/2
tr
2X
v
for any d–vector X with values of coefficients in the corresponding Lie d–
group, X = 1X⊕ 2X ∈ spn+n ⊕ glk.
For integrable distributions on spaces under considerations, the results
of this Theorem transform into ”holonomic versions” studied in [16, 12].
3.2 Fedosov quantization of Einstein–Finsler spaces
Let LK2n be an almost Kähler space derived for a N–anholonomic man-
ifold V2n. Deformation quantization of such spaces with nontrivial torsion
can be performed following methods elaborated in Refs. [21, 28, 29, 30]. In
this work, we revise the Fedosov quantization of Lagrange–Finsler and Ein-
stein spaces in order to include in the scheme the bi–connection formalism
which can be used for a perturbative model of quantum gravity [33].
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We introduce the tensor Λαβ + θαβ−i gαβ , where θαβ is a form (9) where
values with ”up” indices are constructed using gαβ being the inverse to gαβ
(7). Considering a nonholonomic vector bundle E of rank k over LK2n, and
V2n, we denote by End(E) the bundle of endomorphisms of LK2n and by
EndV = Sec
(
LK2n, End(E)
)
the d–algebra of global sections of End(E).
The formalism of deformation quantization can be developed by using
C∞( LK2n)[[v]], the space of formal series of variable v with coefficients
from C∞( LK2n) on a Poisson manifold ( LK2n, {·, ·}). In this work, we deal
with the almost Poisson structure defined by the canonical almost symplectic
structure. An associative d–algebra structure on C∞( LK2n)[[v]] can be
defined canonically with a v–linear and v–adically continuous star product
1f ∗ 2f =
∞∑
r=0
rC(
1f, 2f) vr, (19)
where rC, r ≥ 0, are bilinear operators on C
∞( LK2n), for 0C(
1f, 2f) =
1f 2f and 1C(
1f, 2f) − 1C(
2f, 1f) = i{ 1f, 2f}; i being the com-
plex unity. Such a ∗–operation defines a quantization the d–algebra EndV,
i.e. an associative C((v))–linear product in EndV ((v)), associated to a
linear connection E∂ in E , defined by a 1–form EΓ with coefficients in
a vector space of dimension k. Considering any bi–differential operators
rQ : EndV ⊗ EndV → EndV such that, for any a, b ∈ EndV, 1Q(a, b)−
1Q(b, a) = θ
αβ E∂α(a)
E∂α(b), we define a ”total” star product (quantization
of nonholonomic E) as
a ∗ b = ab+
∞∑
r=1
rQ( a, b) v
r. (20)
The product (20) is used for constructing a formal Wick product
a ◦ b (z) + exp
(
i
v
2
Λαβ
∂2
∂zα∂ 1zβ
)
a(z)b( 1z) |z= 1z, (21)
for two elements a and b defined by series of type
a(v, u, z) =
∑
r≥0,|{α}|≥0
ar,{α}(u)z
{α} vr, (22)
where by {α} we label a multi–index. In terms of N–elongated derivatives,
the product (21) can be written similarly to (11) for the Weyl d–algebra
dW. In (22), zα are fiber coordinates of the tangent bundle T LK2n ≃
TV2n and ar,{α}(u) = ar, 1α 2α... lα(u) can be represented as sections of
End(E)⊗ Sl(T ∗V2n).
The formulas (20)–(22) define a formal Wick algebraWu associated with
the tangent space TuV
2n, for u ∈ V2n. The fibre product (21) can be trivially
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extended to the space of W–valued N–adapted differential forms W ⊗ Λ
by means of the usual exterior product of the scalar forms Λ, where W
denotes the sheaf of smooth sections of W. There is a standard grading
on Λ denoted dega . We can introduce gradings degv,degs,dega on W ⊗ Λ
defined on homogeneous elements v, zα and eα (5) as follows: degv(v) = 1,
degs(z
α) = 1, dega(e
α) = 1, and all other gradings of the elements v, zα, eα
are set to zero. The product ◦ from (21) on W ⊗ Λ is bigraded. This is
written w.r.t the grading Deg = 2degv +degs and the grading dega . The
filtration (12) of the Weyl d–algebra gives also a natural filtration of the
nonholonomic Weyl d–algebra bundle W(EndV) whose sections are the
formal power series (22). The N–connection structure on TV2n determines
also h– and v–splitting with filtrations in hW(EndV) and vW(EndV).
For holonomic configurations the algebraic and topological properties are
examined in [12].
In what follows we shall use the d–algebra dΩ•( LK2n) of exterior d–
forms on LK2n as an d–algebra embedded into dΩ•(W(EndV)). For any
exterior d–form ̟ ∈ dΩ•( LK2n), the is a map sending it into the scalar
matrix ̟Ik ∈
dΩ•(W(EndV)). This natural map, i :
dΩ•( LK2n) →
dΩ•(W(EndV)), defines the embedding of d–forms.
We consider a d–connection D on TV2n which is compatible to the sym-
plectic d–form θαβ (9), Dθ = 0, and a connection E∂ on E . There is a linear
d–operator dD : dΩ•(W(EndV))→
dΩ•+1(W(EndV)), i.e.
dD = δuα
(
eα − Γ
α
βγ(u)z
γ δ
∂zα
)
+ [ EΓ, ·], (23)
where Γαβγ are coefficients of D and
EΓ is the connection form of E∂. The
curvature and torsion of such operators, for instance, for D =D̂ ≡ θD̂, see
(10) is computed in [28, 29, 30]. In our case, there is an additional term
defined by EΓ but this does not modify substantially the properties of dD
determined by canonical Lagrange–Finsler d–connections. We shall write
dD̂ if such a connection is induced by θD̂.
Definition 3.2 A Fedosov–Finsler normal d–connection drD is a nilpotent
N–adapted derivation of the graded d–algebra,
d
rD =
dD + v−1
[
θr, ·
]
, (24)
for θr = zαθαβ(u)δu
β + r, where r is an element in the set of d–forms
dΩ1(W(EndV).
Any derivations of a d–connection D and a connection E∂ can be ab-
sorbed into a d–form r ∈ dΩ1(W(EndV). Two potentials
EΓ and E Γ˜ result
in equivalent Fedosov–Finsler d–connections (24) if
E Γ˜ = B−1 ◦
(
EΓ ◦B+v dD
)
, (25)
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where B belongs to the affine subspace Ik ⊕ Sec(W
1(EndV)) in
Sec(W(EndV)) consisting of the sums B = Ik + B1, for an arbitrary d–
vector B1 ∈ Sec(W
1(EndV)) distinguished by N–connection. This results
in equality
d
rD˜ =
d
rD +
[
B−1 ◦ drDB, ·
]
.
For a trivial connection E∂, Fedosov–Finsler normal d–connections are
completely determined by fundamental geometric objects on LK2n. The
normal d–connection D̂= {Γ̂γαβ} (10) can be extended to the d–operator
D̂ (a⊗ λ) +
(
eα(a)− u
β Γ̂
γ
αβ
zeα(a)
)
⊗ (eα ∧ λ) + a⊗ dλ, (26)
on W ⊗ Λ, where zeα is eα (5) redefined in z–variables.
Definition 3.3 The Fedosov d–operators δ and δ−1 on W ⊗Λ are
δ(a) = eα ∧ zeα(a), and δ
−1(a) =
{ i
p+qz
α eα(a), if p+ q > 0,
0, if p = q = 0,
(27)
where any a ∈ W ⊗Λ is homogeneous w.r.t. the grading degs and dega with
degs(a) = p and dega(a) = q.
The d–operators (27) define a N–adapted map,
a = (δ δ−1 + δ−1 δ + σ)(a), (28)
where a 7−→ σ(a) is the projection on the (degs,dega)–bihomogeneous part
of a of degree zero, degs(a) = dega(a) = 0; δ is also a dega–graded derivation
of the d–algebra (W ⊗Λ, ◦) .
The Fedosov–Finsler normal d–connection drD (24) can written using the
d–operator δ, treated as the Koszul derivation of the d–algebra
dΩ•(W(EndV)). The corresponding Koszul N–adapted differential
δ−1(a) = zα ιeα
1∫
0
a(u, v, τz, τδu)
dτ
τ
,
where the symbol ιeα is used for the contraction of an exterior d–form with
d–vector eα, for δ
−1 extended to Sec(W(EndV)) by zero. Using the d–
operator (28), we can verify that such a δ−1 is really a homotopy d–operator
for δ. Really, we have that for any a ∈ dΩ(W(EndV)) we can express
a = σ(a) + δ δ−1a+ δ−1 δa, (29)
where σ is a N–adapted natural projection
σ(a) = a|z=0,δu=0, (30)
when a ∈ dΩ•(W(EndV)), i.e. it is defined a map of
dΩ•(W(EndV)) onto
the d–algebra of endomorphisms EndV(v) preserving h– and v–splitting.
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Theorem 3.2 Any (pseudo) Lagrange–Finsler/ Riemanian metric g (7) de-
fines a flat normal Fedosov d–connection
D̂ + − δ + D̂−
i
v
adWick(r)
satisfying the condition D̂2 = 0, where the unique element r ∈ W ⊗ Λ,
dega(r) = 1, δ
−1r = 0, solves the equation
δr = T̂ + R̂+ D̂r −
i
v
r ◦ r
and this element can be computed recursively with respect to the total degree
Deg as follows:
r(0) = r(1) = 0, r(2) = δ−1T̂ , r(3) = δ−1
(
R̂+ D̂r(2) −
i
v
r(2) ◦ r(2)
)
,
r(k+3) = δ−1
(
D̂r(k+2) −
i
v
k∑
l=0
r(l+2) ◦ r(l+2)
)
, k ≥ 1,
where by a(k) we denote the Deg–homogeneous component of degree k of an
element a ∈ W ⊗Λ.
Proof. Similarly to constructions provided in [14, 15, 21], using Fe-
dosov’s d–operators (27) [28, 29, 30], we verify the conditions of the theo-
rem. Straightforward verification of the property D̂2 = 0, with formal series
of type (22), for r, and can be performed in N–adapted form for D̂, with
torsion T̂ , (A.3), and curvature, R̂ (A.4). 
The conditions of this Theorem can be redefined for a nonholonomic
vector bundle E of rank k over LK2n. The N–adapted constructions are
similar for h– and v–components provided in section 5.3 of [12] and Theorem
2 and Remark 2 in [15]. We summarize four necessary statements in
Corollary 3.1 –Remarks: For a normal d–connection D̂ ≡ θD̂ (10) on
LK2n, a connection E∂ in a nonholonomic vector bundle E of rank k over
LK2n and vΩ is a series of closed distinguished (by N–connections) two–
forms in vΩ2( LK2n). We can derive from Theorem 3.2 the following
1. There is a nilpotent N–adapted derivation
d
rD̂ =
dD̂ + v−1
[
r − θαβ(u)z
βeα, ·
]
(determined respectively as/by
(24), (9) and (6) ) when the distinguished Fedosov–Weyl curvature
W Ĉ = v(R̂+ VR) + 2 dD
(
EΓ
)
+ v−1[ EΓ, EΓ] (31)
= −θ + vΩ,
where VR is the d–curvature of EΓ, dD is given by (23) and the
element r ∈ dΩ1(W2(EndV)) satisfies the condition δ
−1r = 0.
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2. A star product (20) in EndV((v)) is induced via a d–vector space iso-
morphism
χ : EndV((v)) ≃
D̂Sec(W(EndV)) (32)
from EndV ((v)) to the d–algebra
D̂Sec(W(EndV)) of flat sections
of W(EndV) with respect to the Fedosov–Finsler normal d–connection
d
rD̂ (24).
3. A d–connection drD̂ is equivalent in the sence (25) to any
d
rD when
respective distinguished Fedosov–Weyl curvatures (31), W Ĉ and W C,
represent the same de Rham cohomology class in H2DR(
LK2n)[[v]].
4. For a trivial d–vector bundle of rank k = 1, the star product (20) and
isomorphism χ (32) result in the star product (19) when the cohomology
class of W Ĉ (31) characterizes the star product in C( LK2n)((v)). Here
we emphasize that there are two classes of equivalence, for the h– and
v–components.
For simplicity, we provided N–adapted constructions only for the base
nonolonomic manifold LK2n of a vector bundle E . In general, a N–connecti-
on structure can be considered for the tangent space TE (we omit such
considerations in this work).
4 Algebraic Index Theorem for Lagrange and
Einstein–Finsler Spaces
Various versions and modifications of the algebraic index theorem gener-
alize the Atiyah–Singer theorem [6] from the case of a cotangent bundle to
arbitrary symplectic and Poisson manifolds [8, 10, 12, 26]. Generalizations
were also considered for nonholonomic manifolds and Lagrange-Finsler and
Einstein gerbes [36]. In this section, we apply N-adapted techniques to pro-
vide a local index theorem for almost Kähler models of Lagrange-Finser and
Einstein spaces.
4.1 N–adapted trace density maps
We use the Feigin–Felder–Shoikhet (FFS) method [16] in order to con-
struct a natural, in our case, N–adapted density map. For vector bundles
on symplectic manifolds such maps were considered for a proof of the local
algebraic index theorem [12]. In our approach, the constructions should be
conventionally dubbed for h– and v–components of geometric objects distin-
guished by N–connection structure.
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Definition 4.1 A N–adapted (i.e. preserving a Whitney sum T LK2n =
h LK2n ⊕ v LK2n of type (1)) C–linear nonholonomic map
d
N tr : EndV((v))→ H
2n′(K2n)((v))
vanishing on commutators dN tr (a ∗ b− b ∗ a) = 0, defined by star d–operator
(20) for any a, b ∈ EndV((v)), is called a trace density d–map.
In the above formula for dN tr, we write H
2n′ with a prime index in order
to avoid confusions with the dimension n in K2n.
Using the nonholonomic cocycle kΘn+n (15) of d–group
dg = glk(
dW) =
glk( hW)⊕ glk( vW) relative to N–adapted ”shifts”
dρ = glk⊕spn+n, we can
construct a nonholonomic map D̥ : EndV((v)) →
dΩ2n
′
(K2n) following
the formula
D
̥(a) = v−n kΘn+n
(
θr, ..., θr, χ(a)
)
, (33)
where θr ∈ dΩ1(W(EndV)) is the distinguished 1–form considered in
the formula for the Fedosov–Finsler d–connection drD (24) and χ(a) is the
isomorphism (32).
Let us consider respectively two nonholonomic vector bundles 1E and
2E of rank k over LK2n endowed with Fedosov–Finsler d–connections drD̂1
and drD̂2 on W(End 1V) and W(End 2V); elements
1a ∈ End 1V and
a pair of N–adapted endomorphisms a, b ∈ EndV((v)) corresponding to E
over LK2n; two equivalent d–operators E Γ˜ and EΓ in the sense of (25) with
B ∈ Ik⊕Sec(W
1(EndV)) and corresponding equivalent Fedosov–Finsler d–
operators drD and
d
rD˜; a N–adapted projection σ (30) and isomorphism χ
(32); the r–th component dAr ∈
(
(Sr dρ)∗
) dρ
; the identity endomorphism
Ik ∈ EndV; we also consider curvature
dC( 1ζ, 2ζ) (16) and projection (18).
Applying respectively the N–adapted constructions for kΘn+n in section 3.1
(see formulas (13) – (15) and Theorem 3.1) and dubbing for h–v–components
the respective computations from [16] we prove
Theorem 4.1 The nonholonomic map D̥ (33) is characterized by proper-
ties that D1⊕D2̥( 1a⊕0) = D1̥( 1a) and three classes of N–adapted forms
D̥(a ∗ b− b ∗ a), D˜̥
(
σ
(
B−1 ◦ χ( 1a) ◦B
))
− D̥( 1a) and D̥ (Ik)− v
n′
dAn′
(
dC( θr, θr), ..., dC( θr, θr)
)
are of type δ dΩ2n
′−1(K2n)((v)), for
0 denoting the trivial endomorphysm of 2E and δ being the de Rham differ-
ential computed in N–adapted form.
From this theorem, we get
Corollary 4.1 We define a N–adapted trace density map
d
N tr(a) =
[
D
̥ (a)
]
: EndV((v))→ H
2n′(K2n)((v)) (34)
if the star–product ∗ in EndV, see (20), is determined by an isomorphism χ
(32) and a normal d–connection D̂ ≡ θD̂ (10).
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Finally, we note that for holonomic structures and vanishing distortion
tensor (A.9) the formula (34) transform into the so–called FFS trace density
map, see details in [16] and section 2 of [12].
4.2 Main result: the nonholonomic algebraic index theorem
We conclude our constructions on nonholonomic deformation quanti-
zation and N–adapted index theorem for an almost Kähler space LK2n
defined by a regular L on a N–anholonomic manifold V2n. Let ∗ be a
star product (19) in the d–vector space C( LK2n)((v)) of smooth func-
tions on LK2n, with induced (20) following conditions of the statement
2 in Corollary 3.1 via the isomorphism χ (32). We consider an idempo-
tent pζ in the matrix d–algebra dg = glk (
+
c A) , where the subalgebra
+
c A =C(
LK2n)[[v]] ⊂ cA =C(
LK2n)((v)), and use the same symbol drD
for the naturally extended Fedosov–Finsler d–connection on the Weyl d–
algebra bundle W(End(lk)) associated with the trivial bundle lk of rank k.
At the next step, we assign to pζ the top degree de Rham cohomology class
cl( pζ) = [ D̥ ( pζ)] ∈ H2n
′
(K2n)((v)).
For the K0–group of the d–algebra
+
c A to H
2n′(K2n)((v)) we get cl :
K0(
+
c A)→ H
2n′(K2n)((v)) following statements of Theorem 4.1.
Certain properties of a Fedosov quantized Lagrange–Finsler/ Einstein
geometric model are characterized by star product (19), and (20), determined
by the principal part of idempotents of glk (
+
c A) .
Proposition 4.1 –Definition. The principal part 0ζ of an idempotent
pζ ∈ glk (
+
c A) is determined by the zeroth term
0ζ = pζ|v=0. There are
two important properties for such principal parts:
1. Any idempotend in the matrix d–algebra glkC(
LK2n) combined with
the operation of taking the principal part gives a well–defined principal
symbol map
K : K0(
+
c A)→ K0(
LK2n). (35)
2. If two idempotents pζ1,
pζ2 ∈ (EndV [[v]], ∗) , for a vector bundle E
of rank k over LK2n and a star product ∗ (20) defined by Fedosov
procedure, have equal principal parts, pζ1|v=0 =
pζ2|v=0, then we get
coincidence of cohomology classes, D̥ ( pζ1) =
D̥ ( pζ2) .
Proof. The first statement above follows from a result in [9], that
for any idempotent ζ in the matrix algebra glk (C(M)), for a symplectic
manifold M, we can define an idempotent ζ ′ in glk (C(M) [[v]], ∗), where
(C(M) [[v]], ∗) is a subalgebra of (C(M) ((v)), ∗), with a given star prod-
uct ∗, when the principal part of ζ ′ is ζ. In our approach, we work with
N–adapted structures on C( LK2n) and have to consider for h– and v–
components and almost symplectic d–connection D̂ ≡ θD̂ (10) on
LK2n
the explicit formula for principal parts in [15]. The second statement is a
straightforward generalization for LK2n of the proof of theorem 6.1.3 in the
just mentioned Fedosov’s monograph. 
Theorem 4.2 The cohomology class cl( 0k) for any element 0k ∈ K0(
+
c A)
coincides with the top component of the cup product
cl( 0k) =
[
Â( LK2n) e−v
−1 W Ĉ ch
(
K( 0k)
)]
n+n
, (36)
where ch
(
K( 0k)
)
is the the Chern character of the principal symbol K( 0k)
(35) of 0k, the exponent is determined by W Ĉ = −θ + vΩ (31) (in the
holonomic case it transforms into the so–called Deligne–Fedosov class) here
computed by the star–product in +c A; we also consider in (36) the so–called
Â–genus of LK2n.
We sketch a proof of this theorem in Appendix B.
4.3 Example: index encoding of Einstein–Finsler spaces
It is possible to find explicit relations between the nonholonomic versions
of the local index theorem and classification of exact solutions for Einstein
and Einstein–Finsler classical and quantum (in the sense of deformation
quantization) gravity. For instance, a very important mathematical and
physical problem is that to formulate some well established criteria when a
nonholonomical distinguished 1–form θ (9) and related normal d–connection
D̂ ≡ θD̂ (10), via the Fedosov–Finsler normal d–connection
d
rD (24), in the
product (36), define cohomology classes for solutions of gravitational field
equations in various types of gravity theories. For simplicity, we consider
a four dimensional (4-d) nonholonomic manifold V with local coordinates
uα = (x1, x2, y3 = t, y4) and signature (++−+), i.e. t is a time like coordi-
nate. The Einstein equations with N–anholonomic distributions on pseudo–
Riemannian and/or Lagrange–Finsler spaces with canonical d–connection/
normal h–v–connection / Cartan d–connection can be integrated in very gen-
eral forms, see details and proofs in Refs. [34, 31]. In this section, we show
how general classes of exact solutions of Einstein equations can be gener-
ated as almost Kähler structures and classified following conditions of the
algebraic index Theorem 4.2.
4.3.1 Einstein–Finsler and Einstein spaces
Einstein spaces, with the Ricci tensor proportional to the metric tensor
via a nontrivial cosmological constant, and its polarizations can be con-
structed in various types of gravity theories. They are used for different
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studies of properties of gravitational vacuum and/or as the simplest approx-
imations for matter, or extra dimension, contributions. Using N–connection
distributions and nonholonomic transforms, we can model Finsler configu-
rations as exact solutions of gravitational field equations in general relativ-
ity and, inversely, a Finsler gravity model on tangent bundle can be con-
structed similarly to the Einstein gravity but for a different class of Finsler
d–connections, see details and discussions in [35, 31].
Proposition 4.2 –Definition.
1. A nonholonomic Einstein space for the normal d–connection D̂ (10)
and d–metric gαβ (7) is defined by solutions of Einstein equations
(A.11) with source
Υαδ = diag[
vλ(xk, t), vλ(xk, t); hλ(xk), hλ(xk)], (37)
R̂ βδ = Υ
α
δ. (38)
2. We construct geometric and physicial models of Einstein–Finsler/–
Lagrange spaces if D̂ and gαβ =
Fgαβ , or =
Lgαβ , are taken for
a Finsler/–Lagrange geometry. Almost Kähler models of Einstein/–
Finsler/–Lagrange spaces are elaborated in variables θ(·, ·) + g (J·, ·)
and D̂ ≡ θD̂ for correspondingly prescribed N–connection structures.
3. As a particular case, we extract Einstein spaces for the Levi–Civita con-
nection ∇ if we impose additionally the conditions (A.12) and consider
sources vλ = hλ = λ = const.
Proof. The first statement with equations (38) follows by contraction
of indices in equations (A.11) with source (37). Such equations define ”stan-
dard” Einstein–Finsler spaces if D̂ and gαβ are considered on TM.
The second statement can be derived for any frame/coordinate trans-
forms
fαβ = e
α′
α e
β′
βgα′β′ , (39)
where fαβ is a Finsler/ Lagrange metric of type (7), induced by a Hessian
(2), and gα′β′ is a solution of (38). In 4–d spaces, we have to find 16 coef-
ficients eα
′
α, with given maximum 6 independent coefficients gα′β′ . By local
coordinate transforms, and because of Bianchi identities, we can put zero 4
coefficients from 10 ones of a second rank symmetric tensor. In such way, we
can also such way chose a generating Lagrange/Finsler function L(x, y), or
L(x, y), when the equations (39) can be solved on local cartes which should be
neighborhoods, or charts throughout. Values eα
′
α together with N–connection
coefficients Nai induced by a corresponding L/ L state the nonholonomic dis-
tribution which is considered for our Einstein–Finsler spacetime model. We
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conclude that a solution g of Einstein equations (38) can be written in N–
adapted nonholonomic variables for some data (gij , hab, N
a
i ) encoding gαβ in
local coordinates, or (equivalently) in Finsler variables
(
fαβ,
cNai , D̂
)
, via
frame transform (8) and (39). The priority of Finsler variables in various
models of gravity is that choosing θ(·, ·) + g (J·, ·) and D̂ ≡ θD̂ we uniquely
define compatible with θ, θD̂θ = 0, almost Kähler geometric models. This
allows us to apply the Fedosov quantization methods.
The third statement is a consequence of the fact that the constraints
L̂caj = ea(N
c
j ), Ĉ
i
jb = 0, Ω
a
ji = 0 (A.12) are satisfied for the tensors
T̂
γ
αβ(A.5) and then these Z
γ
αβ(A.8) are zero. This states that Γ̂
γ
αβ = Γ
γ
αβ,
with respect to N–adapted frames (5) and (6), see (A.9), even D̂ 6= ∇. 
4.3.2 On ”general” exact solutions in gravity
Let us consider a metric parameterized with respect to a N–adapted
cobase (6) in the form
◦g = eψ(x
k)dxi ⊗ dxi + h3(x
k, t)e3⊗e3 + ω2(xk, t, x4)h4(x
k, t)e4⊗e4,
e3 = dt+ wi(x
k, t)dxi, e4 = dy4 + ni(x
k, t)dxi. (40)
In brief, we denote ∂a/∂x1 = a•, ∂a/∂x2 = a′ and ∂a/∂t = a∗.
Proposition 4.3 For h∗3,4 6= 0, the system of gravitational field equations
defining Einstein–Finsler spaces for a normal d–connection and a metric
(40) transform into
ψ¨ + ψ′′ = 2 hλ(xk), (41)
h∗4 = 2h3h4
vλ(xi, t)/φ∗, (42)
βwi + αi = 0, (43)
n∗∗i + γn
∗
i = 0, (44)
ekω = ∂4ω + wkω
∗ + nk∂ω/∂y
4 = 0 (45)
where
φ = ln |
h∗4√
|h3h4|
|, αi = h
∗
4∂iφ, β = h
∗
4 φ
∗, γ =
(
ln |h4|
3/2/|h3|
)∗
. (46)
Proof. For ω = 1, general proofs are contained in Refs. [31]. In [34],
there are provided respectively general solutions for nontrivial ω(xk, t, x4)
and for the so–called Cartan connection in Finsler geometry. Such a proof
consists of straightforward computations of the Ricci d–tensors for the d–
connections under consideration, and equation (40). For some special cases
when h∗3 = 0, or h
∗
4 = 0, and/or φ
∗ = 0, similar systems of equations can
be derived. The rest of the proof is a lengthy and cumbersome computation
that we leave to the reader. 
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The above system of equations is with splitting of equations (not be con-
fused with splitting of variables) which allows us to construct exact solutions
in very general forms.
Theorem 4.3 If a metric gαβ (7) in general relativity and/or Einstein–
Finsler gravity can be related via nonholonomic transform to an ansatz (40),
such a metric defines respectively an Einstein and/or Einstein–Finsler space.
Proof. We sketch the proof of 4–d and conditions h∗3,4 6= 0 (in [34],
there are provided formulas for arbitrary dimensions for different classes
of d–connections). If h∗4 6= 0;Υ2 6= 0, we get φ
∗ 6= 0. Prescribing any
nonconstant φ = φ(xi, t) as a generating function, we can construct exact
solutions of (41)–(44): We solve step by step the two dimensional Laplace
equation, for g1 = g2 = e
ψ(xk); integrate on t, in order to define h3, h4 and
ni; and finally solve the algebraic equations, for wi. Finally, the solutions are
obtained (computing consequently for a chosen φ(xk, t))
g1 = g2 = e
ψ(xk), h3 = ±
|φ∗(xi, t)|
vλ(xi, t)
, (47)
h4 =
0h4(x
k)± 2
∫
(exp[2 φ(xk, t)])∗
vλ(xi, t)
dt,
wi = −∂iφ(x
i, t)/φ∗(xi, t),
ni =
1nk
(
xi
)
+ 2nk
(
xi
) ∫
[h3(x
i, t)/(
√
|h4(xi, t)|)
3]dt,
where 0h4(x
k), 1nk
(
xi
)
and 2nk
(
xi
)
are integration functions. In these
formulas, we have to fix a corresponding sign ± in order to generate a nec-
essary local signature of type (+ +−+) for some chosen φ,Υ2 and Υ4. The
function ω2(xk, t, x4) can be an arbitrary one constrained to the condition
(45). Such d–metrics generate Einstein–Finsler spaces for metric compatible
Finsler d–connections.
To extract exact solutions in general relativity, i.e. for the Levi–Civita
connection, we have to constrain the coefficients (47) of metric (40) to satisfy
the conditions (A.12) and consider sources vλ = hλ = λ = const. This
imposes additional constraints on the classes of generating and integration
functions. We can select a subclass of Einstein spaces when 2nk
(
xi
)
= 0 and
1nk
(
xi
)
are subjected to conditions ∂i
1nk = ∂k
1ni. For wi = −∂iφ/φ
∗, we
get functional constraints on φ(xk, t), when
(wi[φ])
∗ + wi[φ] (h4[φ])
∗ + ∂ih4[φ] = 0,
∂i wk[φ] = ∂k wi[φ], (48)
where, for instance, we denoted by h4[φ] the functional dependence on φ.
Finally, we emphasize that the generic off–diagonal ansatz (40) define a
very general class of exact solutions of gravitational field equations depending
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on all coordinates. Any metric related by frame transforms with a solution
(47), gαβ = e
α′
α e
β′
β
◦gα′β′ also defines an exact solution. And inversely,
for very general assumptions, if a metric gαβ is a solution of Einstein/–
Finsler equations, such a metric can be such a way parametrized by certain
prescribed N–anholonomic distributions that an ansatz ◦gα′β′ will be con-
structed (with corresponding generating and integration functions). 
4.3.3 Almost Kähler–Finsler variables
In this subsection we show that for any given solution of Einstein equa-
tions, ◦g (40), on a nonholonomic manifold/bundle V, dimV = 4, we can
introduce such a parametrization for the nonholonomic structure when the
corresponding N–adapted geometric objects induce an almost Kähler struc-
ture. We put a left label ” ◦” to values determining an exact solution for an
Einstein and/or Einstein–Finsler space.
Finsler variables are introduced as solutions (on any chart or neigh-
borhood) of algebraic equations fαβ = e
α′
α e
β′
β
◦gα′β′ (39), where fαβ is a
Sasaki type d–metric (7) with coefficients generated by a regular L = F 2, or
L = F2, in the form fab (2) and
cNai (4) and
◦gα′β′ is a general solution of
type (40). We can fix the parameterizations, fix certain types of generating
and integration functions, additional frame/coordinate transforms etc when
some solutions of eα
′
α are in a ”simple” diagonal form. For instance, we can
write in explicit h– and v–components
fij = e
i′
ie
j′
j
◦gi′j′ and fab = e
a′
ae
b′
b
◦ga′b′ , (49)
◦Na
′
i′ = e
i
i′ e
a′
a
cNai , or
cNai = e
i′
i e
a
a′
◦Na
′
i′ , (50)
were, for instance, e aa′ is inverse to e
a′
a. Let us consider that
◦gi′j′ =
diag[ ◦g1′ ,
◦g2′ ], ha′b′ = diag[
◦h3′ ,
◦h4′ ] and
◦Na
′
i′ = {
◦N3
′
i′ = wi′ ,
◦N4
′
i′ =
ni′} and (pseudo) Finsler data are fij, fab and
cNai = {
cN3i =
cwi,
cN4i =
cni}, being parameterized by diagonal matrices, fij = diag[f1, f2] and
fab = diag[f3, f4], if the generating function is of type F =
1F (xi, y3)
+ 2F (xi, y4) for some homogeneous (respectively, on y3 and y4) functions
1F and 2F. We may use arbitrary generating functions F (xi, ya) but this
will result in off–diagonal (pseudo) Finsler metrics in N–adapted bases, which
would request a more cumbersome matrix calculus.
For simplicity, we can fix such nonholonomic distributions (fixing corre-
spondingly some generating/integration functions etc) when the conditions
(49) are satisfied for a diagonal representation for eα
′
α,
e1
′
1 = ±
√∣∣∣∣ f1◦g1′
∣∣∣∣, e2′2 = ±
√∣∣∣∣ f2◦g2′
∣∣∣∣ , e3′3 = ±
√∣∣∣∣ f3◦h3′
∣∣∣∣, e4′4 = ±
√∣∣∣∣ f4◦h4′
∣∣∣∣.
For any chosen values fi, fa and
cwi,
c ni and given
◦gi′ and
◦ha′ , we can
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compute ◦wi′ and
◦ni′ as
◦w1′ = ±
√∣∣∣∣ ◦g1′ f3◦h3′ f1
∣∣∣∣ cw1, ◦w2′ = ±
√∣∣∣∣ ◦g2′ f3◦h3′ f2
∣∣∣∣ cw2,
◦n1′ = ±
√∣∣∣∣ ◦g1′ f4◦h4′ f1
∣∣∣∣ cn1, ◦n2′ = ±
√∣∣∣∣ ◦g2′ f4◦h4′ f2
∣∣∣∣ cn2,
corresponding to solutions of equations (50).
Corollary 4.2 Any class of exact solutions of Einstein equations in general
relativity and/or Einstein–Finsler gravity, depending on corresponding sets
of generating/integration functions, defines a respective class of canonical
almost Kähler structures.
Proof. It is a result of Theorems 2.2, 2.4 and 4.3. We have classes of
equivalence for data (an explicit example is given by formulas (49) and (50))
(gαβ , N
a
i ,Dα) ∼
(
◦gαβ ,
◦Nai ,
◦D̂α
)
∼(
fαβ,
cNai ,
cD̂α
)
∼
(
◦θ(·, ·) + ◦g (J·, ·) , ◦J, cD̂ ≡ θD̂
)
.
For Einstein manifolds, in general relativity, i.e. to encode data with the
Levi–Civita connection ∇, we have to consider additional constraints of type
(A.12), when cD̂→ ∇. 
The above mentioned classes of exact solutions expressed in various forms
with nonholonomic/ Finsler / almost Kähler etc variables depend on the
type of generating/integration functions we chose, and what type of, for
instance, group/topological etc symmetries we prescribe for our geometric
and/or physical models. In a series of our works, see reviews of results in
[31], we constructed a number of examples with Finsler like, and non–Finsler,
black ellipsoid, Taub NUT, solitonic, noncommutative, fractional etc gravita-
tional solutions. It is an important task to elaborate certain criteria for alge-
braic classifications of such families of solutions; the geometric constructions
should not depend explicitly on the type of generating/integration functions.
4.3.4 Algebraic index classification of Einstein and Finsler spaces
In addition to Petrov’s algebraic classification of Riemannian and Weyl
curvatures [27] and related gravitational field configurations in general rel-
ativity, we may provide a different algebraic classification of gravitational
fields, using Atiyah–Singer theorem for nonholonomic almost Kähler mani-
folds. Such an index classification is related to Fedosov deformation quanti-
zation and can be performed for standard Einstein fields and modifications.
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Claim 4.1 Two solutions, ( ◦1g,
c
1D̂) and (
◦
2g,
c
2D̂), of Einstein equations
(38) inducing two different nonholonomic almost Kähler structures, ( ◦1θ,
1
θD̂)
and ( ◦2θ,
2
θD̂), i.e. two different
L
1K
2n and L2K
2n, are noholonomically
equivalent and characterized by the same model of Fedosov quantization if
such solutions can be related via nonholonomic frame transforms, ◦1gαβ =
eα
′
α e
β′
β
◦
2gα′β′ , and they have the same cohomology classes
cl( 01k) = cl(
0
2k),
for any elements 01k ∈ K0(
+
c A1) and
0
2k ∈ K0(
+
c A2) (respectively, for
+
c A1=C(
L
1K
2n)[[v]] and +c A2=C(
L
2K
2n)[[v]] ), when
cl( 01k) =
[
Â( L1K
2n) exp
(
W
1 Ĉ
v
)
ch
(
K( 01k)
)]
n+n
,
cl( 02k) =
[
Â( L2K
2n) exp
(
W
2 Ĉ
v
)
ch
(
K( 02k)
)]
n+n
,
W
1 Ĉ = − 1θ +
v
1Ω and
W
2 Ĉ = − 2θ +
v
2Ω.
Let us provide two important motivations for such a claim. Different
classes of exact solutions in classical gravity are defined by different gener-
ating/integration functions and associated nonholonomic structures. Under
general frame/coordinate transforms, the parameterizations for fundamental
geometric objects change substantially. Such generic nonlinear gravitational
systems can be characterized topologically via corresponding elliptic oper-
ators and their cohomology classes. This is also an explicit application of
the algebraic index theorem in quantum gravity which allows us to decide
if two quantizations (in a generalized Fedosov sense) of some nonholonomic
gravitational configurations possess the same cohomological characteristics,
or not.
A Einstein–Finsler Gravity in Almost Symplectic
Variables
Gravitational field equations in Einstein gravity on a (pseudo) Rieman-
nian V, and for Finsler gravity on TM , can be written equivalently in terms
of the Levi–Civita connection ∇, and using the almost symplectic connection
θD̂, both completely defined by the same fundamental geometric objects. We
summarize necessary formulas from [29, 30, 31]. We use the term Einstein–
Finsler gravity for two different classes of gravity theories: the first one is
for the usual general relativity written equivalently in Finsler variables and
the second one is for Finsler gravity models on tangent bundles enabled with
metric compatible d–connections.
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A.1 Torsion and curvature of normal d–connection
Any d–connection D is characterized respectively by its torsion and cur-
vature tensors,
T(X,Y) + DXY −DYX− [X,Y], (A.1)
R(X,Y)Z + DXDYZ−DYDXZ−D[X,Y]Z, (A.2)
where [X,Y] + XY −YX, for any vectors X and Y.
For the normal/almost symplectic d–connection D̂ = θD̂ = {Γ̂
α
βγ} (10),
we can consider the 1–form Γ̂ij = L̂
i
jke
k + Ĉijke
k, where ek = dxk and ek =
dyk+Nki dx
k, we can prove that the Cartan structure equations are satisfied,
dek − ej ∧ Γ̂kj = −T̂
i, dek − ej ∧ Γ̂kj = −
vT̂ i, (A.3)
and
dΓ̂ij − Γ̂
h
j ∧ Γ̂
i
h = −R̂
i
j . (A.4)
The torsion 2–form T̂ α = (T̂ i, vT̂ i) = T̂ατβ e
τ ∧eβ in (A.3) is computed:
T̂ i = Ĉijke
j ∧ ek, vT̂ i =
1
2
Ωikje
k ∧ ej + (
∂N ik
∂yj
− L̂ikj)e
k ∧ ej .
i.e. the coefficients of torsion T̂αβγ (A.1) are
T̂ ijk = 0, T̂
i
jc = Ĉ
i
jc, T̂
a
ij = Ω
a
ij, T̂
a
ib = ebN
a
i − L̂
a
bi, T̂
a
bc = 0. (A.5)
It should be noted that T̂ vanishes on h- and v–subspaces, i.e. T̂ ijk = 0 and
T̂ abc = 0, and the nontrivial h–v–components are induced nonholonomically
and defined canonically by component g and L.
The curvature 2–form from (A.4) of Γ̂αβγ is computed
R̂τγ = R̂
τ
γαβ e
α∧ eβ =
1
2
R̂ijkhe
k∧eh+ P̂ ijkae
k∧ea+
1
2
Ŝijcde
c∧ed, (A.6)
when the nontrivial N–adapted coefficients of curvature R̂αβγτ (A.2) are
R̂ihjk = ekL̂
i
hj − ejL̂
i
hk + L̂
m
hjL̂
i
mk − L̂
m
hkL̂
i
mj − Ĉ
i
haΩ
a
kj, (A.7)
P̂ ijka = eaL̂
i
jk − D̂kĈ
i
ja, Ŝ
a
bcd = edĈ
a
bc − ecĈ
a
bd + Ĉ
e
bcĈ
a
ed − Ĉ
e
bdĈ
a
ec.
The N–adapted coefficients of the normal d–connection D̂ = θD̂ =
{Γ̂αβγ} and of the the Levi–Civita connection ∇ = { pΓ
γ
αβ} are related via
formulas
pΓ
γ
αβ = Γ̂
γ
αβ + pZ
γ
αβ , (A.8)
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where the distortion d–tensor pZ
γ
αβ is computed
pZ
a
jk = −Ĉ
i
jbgikg
ab −
1
2
Ωajk, pZ
i
bk =
1
2
Ωcjkgcbg
ji − Ξihjk Ĉ
j
hb,
pZ
i
jk = 0, pZ
a
bk =
+Ξabcd T̂
c
bk, pZ
i
kb =
1
2
Ωajkgcbg
ji + Ξihjk Ĉ
j
hb, (A.9)
pZ
a
jb = −
−Ξadcb T̂
c
dj , pZ
a
bc = 0, pZ
i
ab = −
gij
2
[
T̂ cajgcb + T̂
c
bjgca
]
,
for eb = ∂/∂y
a and Ξihjk =
1
2(δ
i
jδ
h
k − gjkg
ih), ±Ξabcd =
1
2(δ
a
c δ
b
d ± gcdg
ab). The
values (A.8) and (A.9), and the h– and v–components of Γ̂αβγ given by (10)
are determined by coefficients of metric g on V, and N, for a prescribed
nonholonomic distribution with associated N–connection structure.
A.2 The Einstein equations for almost symplectic d–connec-
tions
The Ricci tensor R̂ic = {R̂αβ} of D̂ = θD̂ can be defined in standard
form by contracting respectively the components of (A.7), R̂αβ + R̂
τ
αβτ .
The scalar curvature is
sR̂ + gαβR̂αβ = g
ijR̂ij + h
abR̂ab, (A.10)
where R̂ = gijR̂ij and Ŝ = h
abR̂ab are respectively the h– and v–components
of scalar curvature. This allows a geometric formulation of the gravitational
field equations for the almost symplectic connection,
Ê βδ = R̂ βδ −
1
2
gβδ
sR = Υ̂βδ. (A.11)
We can state well defined conditions when (A.11) can be constructed to
be equivalent to the Einstein equations for ∇. This is possible if Υ̂βδ =
mΥβδ+
zΥβδ are derived in such a way that they contain contributions from
1) the N–adapted energy–momentum tensor mΥβδ (defined variationally
following the same principles as in general relativity but on V) and 2), the
distortion of the Einstein tensor in terms of Ẑ (A.9), Ê βδ = pEαβ +
zÊ βδ,
for zÊ βδ =
zΥβδ.
1
The equations (A.11) are considered as the fundamental field equations
in Einstein–Finsler gravity (the d–connection θD̂ is also a Finsler/Lagrange
connection), see details in Refs. [31]. They transform into usual Einstein
equations in general relativity if
L̂caj = ea(N
c
j ), Ĉ
i
jb = 0, Ω
a
ji = 0, (A.12)
for Υβδ → κTβδ (matter energy–momentum in Einstein gravity) if D̂→ ∇.
1The value zÊ βδ is computed by introducing D̂ = ∇−Ẑ into (A.11) and corresponding
contractions of indices in order to find the Ricci d–tensor and scalar curvature.
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B Proof of Main Theorem
B.1 A technical Lemma
Let us prove an obvious ”nonholonomic” analogue of Lemma 1 in [12]
which have technical importance for proving the Main Result of this paper.
Lemma B.1 Let us consider a nonholonomic vector bundle E of rank k
over LK2n endowed with a Fedosov–Finsler normal d–connection drD =
dD+ v−1
[
θr, ·
]
(24) when δ−1 θr = 0, following the conditions of Corollary
3.1. For any endomorphism of E , ς ∈ EndV , and connection
E∂, if E∂ς = 0
we get drDς = 0, i.e. the isomorphism χ (32) transforms ς into itself.
Proof. If ς does not depend on z–variables, i.e. E∂ς = 0, we have
dDς = δς = 0 and drDς = v
−1
[
θr, ς
]
when (for a nilpotent drD) we
must have drD
[
θr, ς
]
= 0. For our purposes, we should prove that
[
θr, ς
]
vanishes.
Since δ−1 θr = 0 and ς does not depend on z–variables, δ−1
[
θr, ς
]
= 0.
We compute δ
[
θr, ς
]
= dD
[
θr, ς
]
+ v−1
[
θr,
[
θr, ς
]]
, when
[
θr, ς
]
∈
dΩ1(W(EndV )). Applying (29) to
[
θr, ς
]
we get the equation
[
θr, ς
]
=
δ−1
(
dD
[
θr, ς
]
+ v−1
[
θr, ς
])
. There is only one non–contradictory solu-
tion
[
θr, ς
]
= 0 because δ−1 increases the degree in z–variables, but such a
commutator does not. 
We emphasize that on LK2n endowed with certain canonical symplectic
forms and N–adapted connections we can work similarly as on Kähler mani-
folds but keeping the constructions to be distinguished nonholonomically as
some h– and v–components of a corresponding almost Kähler geometry.
B.2 Sketch of proof for theorem 4.2
The method we should apply is inspired from [12], see there the Theorem
4. The idea is to prove that distinguished (n + n)–form D̥ ( pζ1) has the
same cohomology class as the (n+ n)–th component of the form
det
(
sR̂/2
sinh( sR̂/2)
)1/2
ev
−1(θ− vΩ)tr e
VR,
where sR̂ (A.10) is the scalar curvature of the normal d–connection, W Ĉ =
−θ + vΩ, see (31), VR is the scalar curvature form on the d–vector bundle
E and tr is the ordinary trace of matrices. Such a formula is similar to that
derived in Theorem 3.1.
The above Lemma is necessary for evaluating principal parts and idem-
potents of involved d–algebras. Computations are performed similarly for
the h– and v–components dubbing the formulas provided in the holonomic
Kähler constructions. We leave the technical details to the interested reader.
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